NOETHER'S PROBLEM FOR ABELIAN EXTENSIONS OF CYCLIC 

p-GROUPS II 

IVO M. MICHAILOV 

Abstract. Let K be a field and G be a finite group. Let G act on the rational 
f ^ ■ function field K(x{g) : g £ 67) by K automorphisms defined by g ■ x{h) — x(gh) 

C\| \ for any g,h £ G. Denote by K(G) the fixed field K(x(g) : g £ G) G . Noether's 

problem then asks whether K(G) is rational (i.e., purely transcendental) over K. In 
C^ \ this article we prove three results that give a positive answer to Noether's problem 

(under suitable conditions) for a number of p-groups G that are abelian extensions 

of cyclic p-groups. In particular, our results hold for all basic types of groups with 
0"S . three generators having this property. 

< 

-t-* ' 1. Introduction 

Let K be any field. A field extension L of K is called rational over K (or ^-rational, 

£S) ' for short) if L ~ K(x\, . . . , x n ) over K for some integer n, with x±, . . . ,x n algebraically 

> ■ 

Q . independent over K. Now let G be a finite group. Let G act on the rational function 

field K(x{g) : g G C7) by K automorphisms defined by g-x(h) = x(gh) for any g,h e G. 
Denote by K(G) the fixed field K(x(g) : g G G) G . Noether's problem then asks whether 
K(G) is rational over if. This is related to the inverse Galois problem, to the existence 
of generic C7-Galois extensions over K, and to the existence of versal C7-torsors over 
if-rational field extensions [Swj ISalj IGMSj 33.1, p. 86]. Noether's problem for abelian 
groups was studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra, 



etc. The reader is referred to Swan's paper for a survey of this problem [Swj . Fischer's 
Theorem is a starting point of investigating Noether's problem for finite abelian groups 
in general. 
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Theorem 1.1. (Fischer |Swl Theorem 6.1]) Let G be a finite abelian group of exponent 
e. Assume that (i) either char K = or char K > with char K \ e, and (ii) K 
contains a primitive e-th root of unity. Then K(G) is rational over K . 

The next stage is the investigation of Noether's problem for finite meta-abelian 
groups, and in particular metacyclic p-groups. Recall that any metacyclic p-group G is 
generated by two elements a and r with relations a pa — 1, r p = a pC and t~ 1 ot = a £+Sp ' 
where e — 1 if p is odd, e — ±1 if p — 2, S — 0, 1 and a, b, c, r > are subject to some 
restrictions. For the the description of these restrictions see e.g. |Kal| p. 564]. The 
following Theorem of Kang generalizes Fischer's Theorem for the metacyclic p-groups. 

Theorem 1.2. (Kang jKaTl Theorem 1.5]) Let G be a metacyclic p- group with exponent 
p e , and let K be any field such that (i) char K = p, or (ii) char K ^ p and K contains 
a primitive p e -th root of unity. Then K(G) is rational over K . 

Other results of Noether's problem for p-groups the reader can find in |CK[ [HuKj 
IKa2j . In a recent paper |Mij we proved two results for p-groups that are abelian 
extensions of cyclic p-groups. 

Theorem 1.3. (Michailov |Mit Theorem 1.8]) Let G be a group of order p n for n > 2 
with an abelian subgroup H of order p n ~ l , and let G be of exponent p e . Choose any 
a G G such that a generates G/H, i.e., a ^ H,a p G H. Denote H(p) = {h G H : 
h p = l,h ^ H p }, and assume that [H(p),a] C H{p). Denote by G^ = [G, Cr(i-i)] the 
lower central series for i > 1 and G^ = G. Let the p-th lower central subgroup Gu,) 
be trivial. Assume that (i) char K = p > 0, or (ii) char K ^ p and K contains a 
primitive p e -th root of unity. Then K(G) is rational over K . 

Theorem 1.4. (Michailov |Mi[ Theorem 1.9]) Let G be a group of order p n for n < 6 
with an abelian normal subgroup H , such that G/H is cyclic. Let G be of exponent p e . 
Assume that (i) char K = p > 0, or (ii) char K ^ p and K contains a primitive p e -th 
root of unity. Then K{G) is rational over K . 

The purpose of this paper is to prove a generalization of the latter two Theorems 
for several series of p-groups that are abelian extensions of cyclic p-groups. However, 
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we should not "over-generalize" Theorem 11.41 to the case of any meta-abelian group 
because of the following Theorem of Saltman. 

Theorem 1.5. (Saltman |Sa2] ) For any prime number p and for any field K with char 
K ^ p (in particular, K may be an algebraically closed field), there is a meta-abelian 
p-group G of order p 9 such that K(G) is not rational over K . 

Let p be an odd prime, let C p a be a cyclic group of order p a generated by the element 
a, and let H be an abelian group generated by two elements (3 and 7 having orders 
p b and p c , respectively. Assume that G is any group extension of C p a by H, i.e., G 
is in the middle of the exact sequence 1 — Y H — > G —$■ C p a —$■ 1. Our first goal is to 
investigate Noether's problem for any group extension G such that (/3) is normal in 
G. Then the subgroup generated by (3 and a is metacyclic, so [(3, a] = f3 eipr for some 
r > l,6i <E {0, 1}. The quotient group G/{(3) is also metacyclic, so [7,0] = {3 x j £2pS for 
some e 2 G {0, 1}, x G Z and s > 1. 

The first main result of this paper is the following Theorem. 

Theorem 1.6. Let p be an odd prime, and let G be a p-group generated by three ele- 
ments a, (3 and 7 such that a pa G ((3,^), (3 P = r y pC = 1, \fl,j] = 1, [(3, a] = (3 £ipr , [7, a] = 
(3 x Y 2pS for some a,b,c G N, £i,£ 2 G {0, l},r > 1, s > l,x G Z. If ei = e 2 = 1 assume 
additionally that gcd(x,p) = 1 and r + s > max{6, c}. Denote by p e the exponent of G. 
Assume that (i) char K = p > 0, or (ii) char K 7^ p and K contains a primitive p e -th 
root of unity. Then K(G) is rational over K. 

The key idea to prove Theorem 11.61 is to find a faithful G-subspace W of the regular 
representation space Q) qe QK ■ x(g) and to show that W G is rational over K. The 
subspace W is obtained as an induced representation from H. By applying various 
linearizing techniques we then reduce the rationality problem to another rationality 
problem which is related to some properly constructed metacyclic p-group. 

We will also investigate groups with relations \j3, a] = 7 pS and [7, a] = (3 P a, y x where 
b — a + s > max{6, c}. Then (3 P a is central and the subgroup (7,0;) < G/(f3 p a ) is 
metacyclic. Therefore, x = or x = p l for some t > 1. The second main result of this 
paper is the following Theorem. 
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Theorem 1.7. Let p be an odd prime, and let G be a p-group generated by three ele- 
ments a, (3 and 7 such that a pa G ((3, 7), (3 P = 7 pC = 1, [(3, 7] = 1, [(3, a] = 7 pS , [7, a] = 
pp r ^ £ p f or some a, b, c G N, s G {0, l},r = b — a > l,s > l,t > 1. If e = assume 
additionally that r + s > max{5, c}. If e = 1 assume additionally that either s < t or 
c < min{2£, a + t}. Denote by p e the exponent of G. Assume that (i) char K = p > 0, 
or (ii) char K 7^ p and K contains a primitive p e -th root of unity. Then K(G) is 
rational over K . 

Our main theorems give us a clue to find an answer to Noether's problem for groups 
G with more than three generators. 

Corollary 1.8. Letp be an odd prime, and let G be a p-group generated by the elements 
Qfi, . . . , a s (for s > 2) and a such that a pa G (ai, . . . , a s ), a? * = 1, [oj, a. A = 1, [a«, a] = 
«f + \ , [« s , en] = al 1Vl a £ s 2ra+1 , where ai — ri = a, 2 < z < s,rj + 7\,- > max{ai, . . . , a s }, 1 < 
i < J ^ s + l,£i,£2 ^ {0)1}- If e 2 = 1 assume additionally that r s+ i > r s . Denote 
by p e the exponent of G. Assume that (i) c/iar K = p > 0, or (ii) c/iar K ^ p and K 
contains a primitive p e -th root of unity. Then K(G) is rational over K. 

Throughout this article we are trying to keep the inequalities related to the generators 
as weak as possible, since this would give us a broader range of groups having a positive 
answer to Noether's problem. However, in order to simplify the notations in the proof, 



when dealing with groups with more than three generators as in Corollary 11.81 we 
demand also the inequality 77 + r s+ i > max{oi, . . . ,a s }. 

We organize this paper as follows. We recall some preliminaries in Section [2] and 
also give the outline of a generalization of |Kall Theorem 4.1]. These results play an 
important role in the proof of Theorem 11.61 which is given in Section [31 The proofs of 
Theorem 11.71 and Corollary 11.81 are given respectively in Sections H] and [5j 

2. Preliminaries 
We list several results which will be used in the sequel. 

Theorem 2.1. ([HK| Theorem 1]) Let G be a finite group acting on L(xi, . . . ,x m ), 
the rational function field of m variables over a field L such that 
(i): for any a G G, o~(L) C L\ 
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(ii): the restriction of the action of G to L is faithful; 
(iii): for any a G G, 

'<r(x\)\ ( Xl \ 

: =A{&)\ \ \+B(a) 

\0-(x m )J \x m J 

where A(o~) G GL m (L) and B(a) is m x 1 matrix over L. Then there exist 
z u ...,z m E L(xi,...,x m ) sothatL(xi,...,x m ) G = L G (z 1 , . . . , z m ) anda(zi) = 
Zi for any a G G, any 1 < i < m. 

Theorem 2.2. ([AHK, Theorem 3.1]) Let G be a finite group acting on L[x), the ratio- 
nal function field of one variable over a field L. Assume that, for any a G G, o~(L) C L 
and a(x) = a a x + h a for any a a , b a G L with a a ^ 0. Then L(x) G = L G (z) for some 

z G L[x\. 

Theorem 2.3. ([CKj Theorem 1.7]) If char K = p > and G is a finite p- group, then 
K(G) is rational over K . 

The following Lemma can be extracted from some proofs in [Ka2l IHuK] . 

Lemma 2.4. Let (r) be a cyclic group of order n > 1, acting on K(vi, ■ ■ ■ , i>n-i)> the 
rational function field of n — 1 variables over a field K such that 

T : Vt H> V 2 M- ••• ^ V n _i ^ (v t ■ ■ ■ Vn^y 1 H> V X . 

If K contains a primitive n-th root of unity £ ; then K(vi, . . . , ifo-i) = K{s\, . . . , s n _i) 
where r : Sj i— y £*Sj for 1 < % < n — 1. 

Proof. Define w = 1 + v i + ViV 2 + ■ ■ ■ + v\v 2 ■ ■ -v n -i,Wi = (1/wo) - l/n,w i+ i = 
(viv 2 ■ ■ ■ Vi/wo) — 1/n for 1 < i < n — 1. Thus K(vi, . . . , i> n -i) = K(wx, . . . , w n ) with 

w\ + w 2 + ■ ■ ■ + w n = and 

r : W\ \-y w 2 t-y ■ ■ ■ i— y u> n _i !->■ iy n t-> wi. 

Define s^ = Si<j< n £~*%i for 1 < i < n - 1. Then lf(wi, . . . , w n ) = K(s 1 , . . . , s n _i) 
and r : Sj i— y £ J Sj for 1 < z < n — 1. □ 

Lemma 2.5. (Kang |Kal[ Lemma 2.4]) Let p be a prime number, n,r,i be positive 
integers with p < i <p n . Write p l < i < p l+1 for some positive integer I. In case p = 2 
assume furthermore that I > 2. Then ( p i )p ir is divisible by p n+r+1 . 
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We can now generalize |Kall Lemma 2.5]. 

Lemma 2.6. Let p be a prime number, let n,r and t be positive integers, and let 
a = 1 + b ■ p l , "where b G {—1, 0, 1}. 

(i): If (p, r) ^ (2, 1), then (1 + a ■ p r ) pn — 1 + Oi • p n+r for some integer a\ with 

p\a x . 
(ii): Ifr>2, then (-1 + a ■ 2 r ) 2 " = 1 + a x ■ 2 n+r and (1 + a ■ 2) 2 " = l + b t - 2 n+2 

where ai and b\ are odd integers. 

Proof. Apply Lemma [23] for (i) and (-1 + a ■ 2 r ) 2 \ Since (1 + a ■ 2) 2 " = (-1 + 2 2 (1 + 
b ■ 2' -1 )) 2 ™, we may apply the result (—1 + a ■ 2 r ) 2 ™ with r > 2. □ 

The proof of the following key result now can be obtained by repeating literally the 
proof of [Kail Theorem 4.1] (including an analog of [Kail Lemma 4.2], for which we 
can apply Lemma [2. 6p . 

Theorem 2.7. Let G be a metacyclic p-group of exponent p e , generated by a and r 
such that a pm = r p ™ = 1, t~ x ot = a s for s = e + ap r , where a = 1 + b ■ p* for t G N and 
6€ {-1,0,1}. Let K be a field, containing a primitive p e -th root of unity, and let ( be 
a primitive p m -th root of unity. Then K(uo, U\, . . . , u p n_{) G is rational over K , where 
G acts on Uq, . . . , u p n_i by 

t : Uo i— >• U\ i->- • • • !->■ u p n_ 1 \— y uq. 

Notice that there indeed exist metacyclic p-groups with the relations given in the 
latter Theorem. These relations do not contradict with the standard relations described 
in Section [1] (which are derived from the classification Theorem for the metacyclic p- 
groups). Although in the proof of Cases I-III in Section [3] we will need only [Kal[ 
Theorem 4.1], in the proof of Case IV we will need the more general Theorem 12.71 

3. Proof of Theorem 11.61 

Let V be a i^-vector space whose dual space V* is defined as V* = ®„ &G K ■ x{g) 
where G acts on V* by h ■ x(g) = x(hg) for any h,g G G. Thus K(V) G = K(x(g) : 
g G G) G = K(G). The key idea is to find a faithful G-subspace W of V* and to show 
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that W G is rational over K. The subspace W is obtained as an induced representation 
from H. 

Define X x ,X 2 eV* by 

p b -i p c -i 

i=0 i=0 

Note that (3 ■ X 1 = X x and 7 • X 2 = X 2 . 

Let ( p b G i^ be a primitive p b -th root of unity, and let ( p c G if be a primitive p c -th 
root of unity. Define Y\, Y 2 G V* by 

p c -i p 6 -i 

i=0 i=0 

It follows that 

P : Y x .-> Y x , Y 2 m- ( pb Y 2 , 
7 :Fi^C P ^i, *W*2- 

Thus K- Y\ + K-Y 2 is a representation space of the subgroup if. The induced subspase 
W depends on the relations in G. It is well known that the case a pa = ^ r y h can easily 
be reduced to the case a pa = 1 (see e.g. [Mi[ Proof of Theorem 1.8, Step 2]). We have 
four types of presentations for the group G, so we will consider separately these four 
cases. 

Case I. [(3, a] = 1 and [7, a] = (3 X for some x G Z. 

Define Xi = a 1 ■ Y x , yi = a % ■ Y 2 for < i < p a — 1. Note that from the relation 
[7, a] = (3 X it follows that 7a 1 = a lr )(3 lx . We have now 

p : Xi 1— )■ X{, Hi 1— >• Qpbyi, 

7 : Xi H- C p oXi, i/i !->■ CpbVi, 

a : £0 !->■ X\ i->- • • • i-> x p a_ x i—)- x , 

J/6 H> J/l 14 • • ■ ^ 2/pa-l i-)> j/ - 

for < i < p a — 1. 

For 1 < i < p a — 1, define Ui = Xi/xi-i and f, = y%ly%-\. Thus K(xi,yi : < i < 
p a — 1) = If (#o, l/o, Wj, f j : 1 < i < p a — 1) and for every g G G 

g-x e K(ui, Vi : 1 < i < p a - 1) • xq, g-y e K{u h v { : 1 < z < p a - 1) ■ y , 
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while the subfield K(ui,Vi : 1 < i < p a — 1) is invariant by the action of G. Thus 
K(xi,yi : < i < p a — 1) G = K(v,i,Vi : 1 < i < p a — 1) (u,v) for some u,v such that 

a{v) = (3{v) = 7(f) = v and a{u) = (3{u) = 7(1*) = u. We have now 

(3 : w; H> Wj, Uj i-)> Uj, 
(3.1) 7 : Ui H> Mj, Uj H- Cpt^i, 

a : «i K u 2 H- ■ • ■ K w p a_ 1 1— y {U1U2 ■ ■ ■ u p a_ 1 )~ 1 , 

Vl !->• V2 !->•••• !->■ fpo-l H-> (fl^2 • ■ ■ Up -l)~ , 

for 1 < i < p a — 1. From Theorem 12.21 it follows that if K(ui,Vi : 1 < i < p a — 1) G is 
rational over K, so is K(xi, yi : < i < p a — 1) G over K. 

Now, consider the metacyclic p-group G = (a,r : a p = r pa = l,r _1 ar = a k ,k = 
l+p b ). 

Define X = Eo<j< P 2&-i C«,x{<r j ), V% = ^X for < i < p a - 1. It follows that 



A-' 



a : VWQ^ 



p- 



T : Vb H- V\ H- ■ • • H- V^_i H- y . 

Note that K(Vo, V\, . . . , V p a_i) G is rational by Theorem 12.71 

Define Ut = V/V^i forl<j</-l. Then K(V , V h . . . , V p a_{) G = K(U 1: U 2 , . . . , 

L/ p a_ 1 ) (5 (f/) where 

r : Ui i-> C/ 2 i-> • • • i->- C7pa_i ^ (C/iC/ 2 • • • #p«-i)~\ U \-+U. 

Notice that (""' = C$» +pi) '~ V = C^^' 1 = ( P »- Compare Formula (3.1) (i.e., 
the actions of 7 and a on if (i>j : 1 < i < p a — 1)) with the actions of G on if (t/j : 1 < 
i < p a — !)• They are almost the same. (In fact, the value of x is of no importance, 
so we we can assume that x = 1.) Hence, according to Theorem I2.7[ we get that 
K{v x , ..., V-i) G (^) - #(tfi» • • • , Upa^iU) = K(V , V x ,..., V^_i) S is rational over 
K. Since by Lemma \2 .41 we can linearize the action of a on K (u% : 1 < i < p a — 1), we 
obtain finally that K(ui,V{ : I < i < p a — l)^' a ) is rational over K. 

Case II. [(3, a] = 1 and [7, a] = (3 Xr y pS for some x G Z, s G N. 

Define x« = a* • Yi, yi = a 1 ■ Y 2 for < i < p a — 1. Calculations show that 70;* = 
a i 7 k(i) pxi(i) for fc ^ = l + g^ pS + Q p 2, + . . . + Q p i, = fcij where fc = i +p ^ an d 
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l(j) = (J) + Q p s + ■■■+ QpG- 1 )*. We have now 

a : io 4 ii i-y ■ ■ ■ ^ x p a_! i—)- x , 
2/o H- j/i H> • • • H> yp«_i H- i/o- 

for < i < p a — 1. 

For 1 < i < p a — 1, define U{ = Xi/x^i and Vi = y%ly%-x- Thus K(xi,yi : < i < 
p a — 1) = K(xo, 2/o, Wj, f i : 1 < z < p a — 1) and for every g E G 

g ■ x e K(m, Vi : 1 < i < p a - 1) • x Q , g-y £ K(m, v t : 1 < i < p a - 1) • y , 

while the subfield K(tii,Vi : 1 < i < p a — 1) is invariant by the action of G. Thus 
i^(xj, Hi : < i < p a — 1) G = K(ui, v i : 1 < i < p a — l) G (u, v) for some u, v such that 
a(v) = /3(f) = 7(f) = v and a{u) = (3{u) = 7(1*) = w. Notice that l(i) — l(i — l) = k 1 ' 1 . 
We have now 



P : «i 1-4 Wj, u» H- f, 



!, 



(3.2) 7 : «i -► C?^, u, -► Cf'vi, 

a : Mi 1— > Ui \- > ■ ■ ■ 1— > M p a_i 1— > (U1U2 • • "Upa-i) - , 
f 1 I— t- v 2 )-¥ ■ ■ ■ 1— > V p a_ l I— y (t>!t> 2 • ■ ■ U p a_i)~ , 

for 1 < i < p a — 1. From Theorem 12.21 it follows that if K(Ui,V{ : 1 < i < p a — 1) G is 
rational over K, so is K(xi, yi : < i < p a — 1) G over K. 

We can always write x in the form x = yp l for w G Z : gcd(w,p) = 1 and £ > 0. 
Assume that 6 — £ < c — s. (The other case 6 — t > c — sis identical, so we leave it 
to the reader.) For 1 < i < p a — 1, define Wi = Vi/uf p . Then Kiu^Vi : 1 < i < 

p a — 1) = K(ui, Wi : I < i < p a — I) and 7(u>i) = ifj for 1 < i < p a — 1. 

Now, consider the metacyclic p-group G = (cr, r : a pC = r p " = l,r _1 ar = cr fc ,fc = 
l+p s ). 

Define X = Eo<j< P =-i Cp-^)^ V { = t { X tor < i < p a - 1. It follows that 

T : Vb !->• Fi H- • • • H- ^_i H- Vq. 
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Note that K(Va, Vi, . . . , V p a_i) G is rational by Theorem 12.71 

Define U t = Vi/Vt-i forl<i<p a -l. Then K(V , Vi, . . . , Vpa^f = K(U U U 2 , . ■ ■ , 
U p <*-i) G (U) where 

T : Ui H- U 2 H- • • • H- C/ p a_i H- (C/iC/ 2 • ■ • C/pa.i) -1 , U H- [/. 

Notice that Cp c_A: = Cp c • Compare Formula (3.2) (i.e., the actions of 7 and a 
on K(ui : 1 < i < p a — 1)) with the actions of G on X(L^ : 1 < i < p a — 1). They 
are the same. Hence, according to Theorem 12 .7\ we get that K(ui, . . . ,u p a_i) G (u) = 
K(Ux, . . . , U p a_ x ) G {U) = K(V , Vi, . . . , Vpa^)^ is rational over K. Since by LemmaE31 
we can linearize the action of a on K(wi : 1 < i < p a — 1), we obtain finally that 
K(ui,Wi : 1 < i < p a — l)^' a ^ is rational over K. 

Case III. [/3, a] = /3 pr and [7, a] = /3 X for some i6Z,rGN. 

Define x, = a 1 ■ Y\,yi = a 1 ■ Y 2 for < i < p a — 1. Calculations show that 7a 1 = 
a * 7/ g*i(*) f or /(i) = g) + (*y + . . . + (;)p( i - 1 )'', and /3a* = a*/3 fc « for fc(i) = 1 + (\)p r + 
( l 2 )p 2r + • • • + {f)p ir = k l , where k = 1 + p T . We have now 

p : Xi 1— >■ Xj, yi 1— >■ CpbVi, 
7 : Xi 1-4 Cp c ^, 2/i >->■ Cj! W 2/;, 
a : Xo !->• xi i-> • • • !->■ x p a_i h-> x , 
yo H- l/i (-> • • • h-> y pa _ 1 h^ y . 

for < i < p a — 1. 

For 1 < z < p a — 1, define tij = Xj/xj_i and i>, = Vi/vi-i- Thus K(xi,yi : < i < 
p a — 1) = i^(xo, 2/0, Wj, f j : 1 < i < p a — 1) and for every g G G 

g-x E K(u h Vi : 1 < i < p a - 1) • x , # • y e ^(w i; Vj : 1 < i < p a - 1) • y , 

while the subfield K(ui,Vi : 1 < i < p a — 1) is invariant by the action of G. Thus 
K(xi, yi : < i < p a — 1) G = K(v,i, Vi : 1 < i < p a — l) G (u, v) for some u, v such that 
a{y) = f3(v) = 7(f) = v and a(-u) = (3{u) = j(u) = u. Notice that l(i) — l(i — l) = k 1 " 1 . 
We have now 

P \Ui^ u h Vi 1-4 Cj fcl «i, 
7 : Ui H> Mj, Wj H- C fc " Vi, 
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a : U\ i— y u 2 •->• • • • •->■ w p a_i i— >■ (ttiu 2 • • ■ w p «-i) ~ , 

for 1 < i < p a — 1. From Theorem 12.21 it follows that if K(ui, v j : 1 < i < p a — 1) G is 
rational over if, so is K(xi, i/i : < i < p a — 1) G over K. 

We can always write x in the form x = yp l for i/GZ: gcd(y,p) = 1 and t > 0. 
Assume that r < t. (The other case r > £ is identical, so we leave it to the reader.) 
Since 7 acts in the same way as j3 vp ' on K(ui,Vi : 1 < 2 < p a — 1), we find that 
K(iii,Vi : 1 < i < p a — l) G = K(iii,Vi : 1 < i < p 2 — l)^ 3 '"^. The proof henceforth is 
the same as Case II. 

Case IV. [(3, a] = (3 pT and [7, a] = (3 Xr y pS for some x G Z,gcd(x,p) = l,r,s G N, 
r + s > max{6, c}. 

Define x, = a 1 • Y\^y% = a 1 ■ Y 2 for < i < p a — 1. Calculations show that 7a 1 = 
a i 7 k(i) pxi(i) for k ^ = k\k = l+p s , l(i) = (J) + Q (p r +p s ) + ••• + (•) (p {i ~ 1)r +p ( - i - 1 >), 
and (3a l = a l (3 m ^ for m{i) = m\ where m = 1 + p r . We have now 

p : Xi h- y Xi, y%^r Q, p b y%, 

7 : Xi (— f CpcXj, ?/j I—)- C, b yi, 

a : x 1— )• Xi I-)- • • • 1— i- x p a_ 1 i-> x , 

2/0 •->• yi •-> ■ ■ • •-> 2/p°-i ^ yo- 

for < i < p a — 1. 
For 1 < i < p a — 1, define Ui = Xi/xi-i and f« = yi/yi-i. Thus K(xi,yi : < i < 

p a — 1) = if(x , 2/0) Wj, f j : 1 < i < p a — 1) and for every g E G 

g-x e K(ui, Vi : I < i < p a - 1) ■ x , g-y e K(u u v { : 1 < i < p a - 1) ■ y , 

while the subfield K(ui,Vi : 1 < i < p a — 1) is invariant by the action of G. Thus 
K(x{,yi : < i < p a — 1) G = K(u{,Vi : 1 < i < p a — l) G (u,v) for some M,f such that 
a(v) = (3{y) = j(v) = v and a{u) = (3{u) = ^{u) = u. Notice that l{%) — l{i — 1) = 
(1 + p r + p s ) t_1 (mod p b ). Put / = 1 + p r + p s . We have now 



p r m l ' 



[3 : «i H> u h Vi H- G v 



i ■ 



"P 3k „, „, , v A^ i_1 



1-1 



a : Ml H> M2 l-> ■ ■ • l-> U p a_l I—)- (lilU2 ■ ■ ■ ^pa-ly 



? 
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V\ \-t V 2 •->• • • • l-> V p a_ 1 h-> (t>!t> 2 • • ■ V p a_x) , 

for 1 < i < p a — 1. From Theorem 12.21 it follows that if K(ui, v j : 1 < i < p a — 1) G is 
rational over 7^, so is K(xi, yi : < i < p a — 1) G over K. 

Since r + s > c and l l ~ 1 p r = (m + p s y~ 1 p r = m l ~ 1 p r (mod p b ), we get that (3 acts in 
the same way as 7 ypr on K(ui, v ; : 1 < i < p a — 1) for some 7/ G Z : yx = 1 (mod p b ). 
Hence i^,^ : 1 < z < p a - 1) G = K{ Ul ,Vi : 1 < i < p 2 - 1)< 7 ' Q >. 

Subcase IV. 1 Assume that c — s < b. We have that l l ~ 1 p s = (k + p r y~ 1 p s = k l ^ 1 p s 
(mod p 6 ). For 1 < 2 < p a — 1, define Wi = Uijvf . Then K(ui, v j : 1 < i < p a — 1) = 
K(wi, Vi : 1 < i < p a — 1) and 7(1^) = u>« for 1 < z < p a — 1. 

Sub-subcase IV. 1.1 Let s > r. Then / = 1 + u -p r , where u = 1 + p s ~ r . Consider the 
metacyclic p-group G = (a,r : a p = r pa = 1, t^ 1 ut = a 1 , 1 = 1 + p r + p s ). 

Define X = Eo<i< P "+--i Cp7+rX{a j ), V = t*X for < i < p a - 1. It follows that 

a : Vi^ Cpb+rV, 

t : Vb H- Vi H- • • • !->■ V p a_i (->• V . 

Note that -^(Vo, Vi, . . . , V^a^) is rational by Theorem 12.71 

Define U t = VijVi-x for 1 < i < p a - 1. Then K(V , V h . . . , V p ._i) G = K(£/i, C/ 2 , • • • , 
Up«-i) d (U) where 

t : C7i 1 — >■ C7" 2 1 — >- - - - 1 — >■ U p a_i \-+ (UiU 2 ■ ■ ■ C/pa_i) _1 , U \-+U. 



t i_ii- 1 

,pb 



Notice that C l+r — C &+r" P = Cf • Compare the actions of 7 and a on -/^(f j : 
1 < i < p a — 1) with the actions of G on K(Ui : 1 < i < p a — 1). They are 
almost the same. (Indeed, there always exists z such that uz = x (mod p b ).) Hence, 
according to Theorem 12 .7\ we get that K(vi, . . . , ty_i) G (t>) = K(Ui, . . . , f/ p a„ 1 ) G (?7) = 
K(Vo, Vi, . . . , V^a.x) 6, is rational over X. Since by Lemma 12.41 we can linearize the 
action of a on K{wi : 1 < i < p a — 1), we obtain finally that K(wi, V{ : 1 < z < p a — 1)^' Q ) 
is rational over X. 

Sub-subcase IV. 1.2 Let s < r. Then / = 1 + 1> -p s , where v = 1 +p r ~ s . Consider the 
metacyclic p-group G = (a,r : a p — r p " = l,r _1 o"r = a 1 ). We can proceed in the 
same way as we did in the previous sub-subcase. (We need only to replace r with s 
and u with v.) 
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j-p s fc J \xp c ~ b ~ a __ /-xp s k 

p b+s 
~s]i — l 



Subcase IV. 2 Assume that c — s > b. We have that (Cpc ) xp = C 



( X b +3 = C, X b , since k % ^ 1 p s = l t ~ 1 p s (mod p b+s ). For 1 < i < p a — 1, define Wi = 
Vi/u xp . Then K(v,i, Vi : 1 < i < p a — 1) = K(ui, Wi : 1 < i < p a — 1) and j(wi) = Wi 
for 1 < i < p a — 1. 

Consider the metacyclic p-group G = (a, r : cr pC = r p " = 1, r _1 (jr = o k , k = 1 + p s ). 
The proof henceforth is exactly the same as Case II. 

4. Proof of Theorem 11.71 

We keep the notations from the beginning of Section [3] and will proceed with the 
two cases. 

Case I. Let e = 0. The rationality problem for this group was investigated first by 
Chen |Ch] but with a mistake regarding the linearization technique. We will show that 
this error can be amended at the expense of the additional assumption r = b — a given 
in the statement of our theorem. 

Define Xi = a 1 ■ Y\,yi = a 1 ■ Y 2 for < i < p a — 1. Note that from the relations 
[(3, a] = 7 pS , [7, a] = f3 pr and the inequality r + s > max{6, c} it follows that f3a l = 
a i PY pS and 7a 4 = a*7/3 4pr . We have now 

p : Xi 1— >■ Q pC Xi, i/i *— > Qpbi/i, 
7 : Xi H- C p oX h Vi H- CpbVh 
a : Xo H- X\ 1— > ■ ■ ■ 1— > x p a_ 1 h> xo, 
2/0 H- j/i i-> • • • H- y p a_ 1 h^ y„. 

for < i < p a — 1. 

For 1 < i < p a — 1, define Ui = Xi/xi-i and Vi = y.Jyi-1. Thus K{xi,yi : < i < 
p a — 1) = i^(a;o, 2/o, Wj, f j : 1 < i < p a — 1) and for every g G G 

g-x e K(ui, Vi : 1 < i < p a - 1) • Xo, g ■ y G K{u h v { : 1 < i < p a - 1) ■ y , 

while the subfield K(ui,Vi : 1 < i < p a — 1) is invariant by the action of G. Thus 
i^(xj, ?/j : < i < p a — 1) G = i^(wj, v i : 1 < i < p a — l) G (u, v) for some u, v such that 
a(v ) = /3(f) = 7(f) = f and a{u) = (3{u) = 7(14) = w. We have now 
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(4.1) 7 : Ui H> Mj, Vi H- Cpl^i, 

a : u\ h- >■ u 2 i— > ■ ■ • i— y u p a_i i— >• (U1U2 ■ • ■ u p a_ 1 )^ , 

f 1 I— > V 2 H- • • • I— > V p a_ 1 I-)- (f lf 2 • • • V p a_l)~ l , 

for 1 < i < p a — 1. From Theorem 12.21 it follows that if K(ui,Vi : 1 < i < p a — 1) G is 

rational over K, so is iT(xj, Hi : < i < p a — 1) G over i\~. Notice that ( p b = ( p a, since 

a = b — r. 

Define w\ = vf and wi = Vi/vi-i for 2 < i < p a — 1. Then K(ui,Wi : 1 < i < 

p a — 1) = K(ui, Vi : 1 < i < p a — l)^ and the action of a on U7j(l < 2 < p a — 1) is 

p a 
a :i0i4 u?iu?2 ) 

U^2 ^ ^3 l ~> ' ' ' ^ Wp«-1 | — >■ (WlU»2 W3 ~ • ■ ■ W p o.-\) l H > 

a_ 2 p a_ 3 2 

l-> W1W2 W3 ■ ■ • W pa _ 2 W p a_i \-> W 2 . 

Define ^i = u>2, -Zi = «* • u>2 for 2 < i < p a — 1. Now the action of a is 
a :zii->Z24--'4 %><»-i | — > (21.22 • • • Zp a -i) ■ 

Since u>i = (z p a_ 1 z p z 2 ~ ■ ■ ■ Zpa_ 2 )~ 1 , we get that K(wi, . . . , uy_i) = K(z±, . . . , z p a_x] 
From Lemma [23 it follows that the action of a on K(zi, . . . , ^ p a-i) can be linearizedjj 
In this way we reduce the rationality problem of K(ui,Vi : 1 < i < p a — 1) G to the 
rationality of K[iii : 1 < i < p a — l)^ ,a ^ over K. 

Compare Formula (4.1) (more specifically, the actions of f3 and a on K(ui : 1 < i < 
p a — 1)) with Formula (3.1) (the actions of 7 and a on K(vi : 1 < i < p a — 1)). They 
are almost the same. Therefore, we can repeat the argument given after (3.1). 

Case II. Let e = 1. Define Xj = a 1 ■ Y\, yi = a 1 • Y 2 for < i < p a — 1. Calculations 
show that ja 1 = afj 1 ® j3 ipr for l(i) = (1 + p l )\ and 13a 1 = d l f3^ k ^ pS for k(i) = 
(1) + (5)P* + ■ • • + 0p (i-1)t - We have now 

p : Xj 1— > (^pc X{, l/i ^— t {ypbl/i, 

7 : a^i H>C p c x u yi h-> C p , J/», 

a : xo •->• Xi !->•••• !->■ x p a_! i—)- xq, 



*Note that, if we remove the assumption a = b — r, then £ p 6 is not a primitive p°-th root of unity 
and the order of 7 is not p a . If we try to apply the same linearization method, we will only get 
that w^ is in K(z%, . . . , z p a_i), but Wi may not be there. Therefore, we can not apply the same 

method in this situation. 
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Vo H- 2/i H- • • • H> l/pa.! h^ y . 

for < i < p a — 1. 

For 1 < i < p a — 1, define Ui = Xi/xi-i and Vi = yi/y.i-\. Thus K(xi,yi : < i < 
p a — 1) = K(xo, 2/o, Wj, f i : 1 < i < p a — 1) and for every g E G 

g ■ x e K(m, Vi : 1 < % < p a - 1) • x , g ■ y e K(m, v t : 1 < i < p a - 1) • y , 

while the subfield K(ui,Vi : 1 < i < p a — 1) is invariant by the action of G. Thus 
K(xi, yi : < i < p a — 1) G = K(ui, V{ : 1 < i < p a — l) G (u, v) for some u, v such that 
a(v) = j5{v) = 7(f) = v and «(m) = f3{u) = ^(u) = u. Notice that k{i) — k{i — 1) = 
l(i — 1). We have now 



/i j-l(i— l)p B 

/} : «; H> C ^ Mj, fj !->■ u. 



C 



7 : Ui i-> C p c Mi, Vi h-> Cp 6 ^, 

a : «i K u 2 H- ■ • ■ K M p a_! i—)- (M1U2 ■ • ■ ^p«-i) _ , 

Ul !->• V2 !->•••• !->■ Wpa-1 H-> (fl1>2 • ■ ■ Up»-l)~ > 

for 1 < i < p a — 1. From Theorem 12.21 it follows that if K(ui,Vi : 1 < i < p a — 1) G is 
rational over K, so is K(xi, yi '■ < i < p a — 1) G over K. 

Subcase II. 1. s <t. Instead of 7, we can take 71 = 7/3~ p s with the action 



71 : Ui ^u h Vi H- C b u 






for 1 < i < p a — 1. Similarly to Case I, we can reduce the rationality problem of 
K(ui,Vi : 1 < i < p a — 1) G to the rationality of K{ui : 1 < i < p a — l)^' a ) over 
K. Compare the actions of /3 on K(ui : 1 < i < p a — 1) with Formula (3.2) (more 
specifically, the actions of 7 on K{ui : 1 < i < p a — 1)). They are almost the same. 
Apply the proof of Case II, Section [31 

Subcase II. 2. c < min{2£, a + t}. Then l{i — l)p* = p l (mod p c ). For 1 < i < p a — 1 
define Wi = Uijv" . We have now 

a , >Z(i— l)p s 

P :^K Cpc w i, v i ^ w i, 

7 : Wi H> Wj, f, H- (£ Vi , 

a : Wi H> w 2 h> • • • h-> w p a_ 1 h-> (wiW 2 ■ ■ ■ Wpa^i)^ 1 , 

V\ I-)- V<2 !->■••• I-)- f p a_! I—)- (fif 2 • • -ty^!) -1 , 
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for 1 < i < p a — 1. The proof henceforth is the same as Subcase ILL 

5. Proof of Corollary 11.81 

Let V be a ^-vector space whose dual space V* is defined as V* = Q) G K ■ x(g) 
where G acts on V* by h ■ x(g) = x(hg) for any h,g G G. Thus K(V) G = K(x(g) : g G 
Gf = K{G). 

Define X l ,X 2 , . . . ,X S E V* by 






s. 



Note that at ■ Xj = Xj for j ^ i. Let C P ^ G i^ be a primitive p a *-th root of unity for 
1 < i < s. Define Y u Y 2 , . . . , Y s G V* by 

Yi = 2_^ Cp™®T ■ Xi 

m=0 

for 1 < i < s. 
It follows that 

o.i :Yi^ C P a 'Y u Yj H> Yj, for j ^ i. 

Thus Vi = ©k,< s K ■ Yj ; is a faithful representation space of the subgroup H = 
(ai,. . .,a s ). 

Define Xji = a 1 ■ Yj for 1 < j < s, < i < p a — 1. Recall that [««, a] = af + \ for 
1 < i < s — 1. Hence 

a^ajd = a ja f^ +1 , for 1 < j < s - 1, 1 < i < p a - 1. 

It follows that 

cij : Xji i—y Q p a jXji, Xj+n i— y Q a i+1 Xj+n, x^i *—y x^i, tor k j^ j, j + 1, 

where < i < p a — 1 and 1 < j < s — 1. 

Next, we need to consider four cases determined by the values of S\ and e 2 . 
Case I. Let e± — 1, e 2 — 0. We have now 

cy s . Xij i y L,pa 1 X\i 1 x s i i y (,p a sX S j, x^j i y x^j, tor k ^= i, s, 

a : Xjo | — ► Xji >->• • • • H- Xj p a_! i->- Xjo, for 1 < j < s, 

where < i < p a — 1. 
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For 1 < j < s and for 1 < i < p a — 1 define yji = Xji/xji-i. Thus K(xji : 1 < j ' < 
s, < i < p a — 1) = K(xjo, i)ji : 1 < j < s, 1 < i < p a — 1), and for every g G G 

g ■ x j0 € K(y ji : 1 < j < s, 1 < i < p a - 1) ■ x j0 , for 1 < j < s 

while the subfield K(i/ji : 1 < j < s, 1 < i < p a — 1) is invariant by the action of G, 
i.e., 

aij : y j+li i-> C^+iV j+u, Vki ^ Vki, for k ^ j + 1,1 <j < s-1, 
a s : 2/ii h> Cp-il/ii, 2/to ^ 2/fci, for fc ^ 1, 
a : yji i-> y j2 h-» ■ • • ^ y jp a_ t ^ {y jX ■ ■ ■ y jp a_ x )~ l , for 1 < j < s, 

where < i < p a — 1. 

From Theorem 12.21 it follows that if K{%j^ : 1 < j < s, 1 < i < p a — 1) G is rational 
over K, so is K(xjo, Vji '■ 1 < j < s, 1 < i < p a — 1) G over K. 

Since a J+ i — r J+1 = a for 1 < j < s — 1, we can apply s — 1 times the technique 
explained in the proof of Case I, Theorem 11.71 In this way, we see that the action 
of a on K(yji : 1 < j < s, 1 < i < p a — l)( a i>---' Q s-i) can k e linearized. It remains 
to apply the final part of the argument of the mentioned proof in order to show that 
K(yu : I < i < p a — l)( Qs,Q ^ is rational over K. 

Case II. Let £i = 0, £2 = 1- Keeping the notations from Case I, we have 

«s : Vsi ^ Cp"l Vsi, Vh !-> Vki, for k ^ s. 

Since r s+ \ > r s , we get that a s acts on K(yji : 1 < j < s, 1 < 2 < p a — 1) in the same 
way as a^" 1 ^. Then Kfai : 1 < j < s, 1 < i < p a - l) G = (K(yji : 1 < j < 5, 1 < 
i <p a — ^("i.-A-iljW i s rational over il", according to Case I. 
Case III. Let £1 = £2 = 1- We have now 



a. 



■ Vu >->■ CjKz/ii, 2/« ^ (poT'Vsi, Vki ^Vki, ior k^l,s. 



Since r s+1 > r s , we can replace a s with (3 = a s a s ^ , where 

(3 : yu !->■ Cp«iZ/ii, yfci H- y fc i, for fe 7^ 1. 

In this way, we have again reduced the problem to the considerations in Case I. 

Case IV. Let £1 = £2 = 0. This case is trivial, since a s (yji) = yji for < i < 
p a - 1, 1 < j < s. 
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